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MA(2): Moving Average of second order

Xt = €t + 0161‘—1 + 02615_2
er ~ WN(0,0?)

(Xe =+ €+ 0101 + Or€r—2)
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Figure: Time series simulated from two MA(2).
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@ Let's evaluate the stationarity and compute the moments of order two:

Var(Xe) = (1+ 61 +63) o2

'}’(1) = COV(Xt, th]_) =
=E[(er + Oret—1 + Ooer—2) (€r—1 + Or€¢—2 + boer_3)] =
= (91 + 9192)02 = 91 (1 + 92)02

7(2) = COV(Xt, Xt72) =
= [(er + O1€t_1 + Ooer_2) (er—2 + O1€t_3 + Oaer_4)] = 6202

v(h)=0 Vh>3.
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@ The ACF of the process is given by:

01 (1 + 62)

)= —— 7<)

P(1) (1+62 +63)
02

N=—

r(2) (1+62 +63)

p(h)=0 per h>3.

@ An MA(2) process is always stationary and has ACF different from
zero up to order 2.
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Stationary property
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Figure: Theoretical ACF of two MA(2) processes.
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@ In order to assess the invertibility, consider the representation
Xe= (1+61B+ 60,8%) e = O(B)er

that requires the two roots in B of the characteristic function
associated with ©(B) = 0 to be in module greater than 1.

@ This condition implies finding a triangular region of admissible
solutions for the parameters in the MA(2) model

7/12



@ The characteristic polynomial has roots in B given by:

B —914—\/9%—492
L =
0

2

2 )
—0y — (/602 — 40,
) .

6>
e Imposing |Bj| > 1 means 1/|Bj| < 1 for i = 1,2, where,

By, =

1 =01 — /62 — 40,
B 2 ’
1 —014—“9%—492
B 2 ‘
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@ We can write
1 1

2w == e, <1
BIXBQ‘ 02 < 1,
and . )
Lo oy <2
Bl+52‘ 61l <

@ Therefore, necessary conditions for the MA(2) to be invertible are:
-1<6,<1

—2<b; <2

@ If the roots were real or complex we would consider the following
conditons: 9% — 46, > 0 or 9% — 46, < 0.
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e Simple algebra shows that the invertibility condition for an MA(2) is
given by the triangular region that satisfies:

—91—92<1,
01 —6, <1,
—-1<6,<1.

@ An MA(2) process is always stationary but invertible only for an
aprropriate choice of the parameters.

@ The PACF is not easy to compute. However, it goes to zero slowly, at
different rates depending on the roots (real or complex) of the
invertible process.
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Figure: ACF and PACF of MA(2) processes.
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PACF

PACF
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Figure: ACF and PACF

of MA(2) processes.
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